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Abstract 

If a global chiral symmetry is explicitly broken by anomalies in nonabelian gauge 
theories, a pseudo Nambu-Goldstone boson (axion) associated with a spontaneous 
breakdown of such a global symmetry acquires a mass through nonperturbative 
instanton effects. We calculate the axion mass assuming a supersymmetric SU(2) 
gauge theory and show that the axion obtains an extremely small mass when the 
SU(2) gauge symmetry is broken down at very high energy, say at the Planck scale. 
We identify the axion with a hypothetical ultralight boson field proposed to account 
for a small but nonzero cosmological constant suggested from recent cosmological 
observations. 



1 Introduction 



A number of recent observations for the total (baryonic and dark) matter density from 
galaxy clusters suggest that it is significantly less than the critical density [0]. However, 
most of the inflation models predict that the present universe is spatially fiat, namely the 
total energy density in the universe is equal to the critical one . A nonzero cosmological 
constant seems to be the simplest candidate to resolve this discrepancy without any con- 
tradiction to observations. Furthermore, an introduction of a small cosmological constant 
provides a natural solution to the so-called "age crisis" of the present universe p. It is 
also very encouraging that the recent studies on the Hubble diagram for type la super- 
novae have supported the presence of the nonzero cosmological constant [Q. Therefore, 
it is quite reasonable to conclude that totality of the present cosmological observations 
indicates a small but nonzero cosmological constant. 

However, a natural value of the cosmological constant A^^g is of order the Planck 
scale, (Mpi ~ 2.4 x 10^^ GeV)^, or at least of order the supersymmetry (SUSY) breaking 
scale, (msusY — 1 TeV)^, in quantum field theories, since anything which contributes to 
vacuum energy, such as a zero point energy of a field and a vacuum expectation value of 
a field acts as a cosmological constant. These are many orders of magnitude larger than 
the value A^^^ ~ (3 x 10^^ eV)'' [0, ^, Q suggested from the cosmological observations. 
There has been found, so far, no satisfactory solution to this problem 

At the present stage of understanding nature, thus, it seems very interesting to assume 
that the energy density at the true vacuum of the universe is exactly zero, due to some 
unknown mechanism, and to ask if there is any mechanism that gives a small but nonzero 
cosmological constant (effective vacuum energy) at the present epoch. This assumption 
has led to an interesting hypothesis that an ultralight pseudo Nambu-Goldstone boson 
(axion) field A dominates the energy density of the present universe and its energy density 
behaves like a cosmological constant. When the expansion rate of the universe becomes 
smaller than the A mass, the axion A will begin to oscillate around the true vacuum and 
the universe becomes eventually cold-axion dominated with zero cosmological constant .[] 

^ There has been proposed an ahernative mechanism [R| to account for the smaU cosmological constant. 
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In Refs. P, §], the axion field of mass m_4 ~ 4 x 10"^'^ eV witli a spontaneous breaking 
scale of a global symmetry F4 ^ 2 x 10^^ GeV has been considered to account for the 
small cosmological constant A^^g ~ (3 x 10^^ eV)^ [H]) 0; D- However, no convincing 
mechanism has been proposed to generate such an extremely small mass for the axion.Q 
In this paper, we propose a mechanism to generate the extremely small mass for the 
axion A. Instantons of a broken gauge symmetry play a central role on producing the 
axion mass in our model. 



2 A SUSY SU(2) Gauge Model 

The model is based on a SUSY SU(2) gauge theory with two doublet quarks (z = 1, 2). 
Here, we have suppressed the gauge index and i denotes the flavor index. The extension 
to SU(Ai'c) gauge theories {Nc > 3) will be given later. The effective superpotential 



induced by the SU(2) gauge interaction is flO 



2A^ 

where A is the renormalization-group invariant dynamical scale of the SU(2) gauge theory. 
The A is given by 



A = Mpie "'^'^pi'. (2) 

Here, the b is the coefficient of one-loop renormalization-group f3 function, 6 = 5 in the 
present model, and the a{Mpi) = g^MpiY /An the SU(2) gauge coupling constant at the 
Planck scale Mpi. With this coupling g, the gauge kinetic term £kin is defined as 

C^n = J d^Oj^W'^'^W^ + h.c, (3) 

where W"" is the kinetic superfield of the SU(2) vector multiplet {a = 1—3) and a = 1,2 
denotes the spinor index. Notice that the effective superpotential Wdyn in Eq. (|l]) is 
obtained from nonperturbative instanton effects [l^ . 



^ Ref. considers a neutrino mass rrii, as an explicit breaking term of the global symmetry which 
induces a small mass for the axion. However, if one uses mi, ~ 5 x 10~^ eV suggested from the atmospheric 
neutrino oscillation M, one gets too large axion mass. 
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For the region ^ A, the running gauge couphng constant a(<5*) is small and the 
Kahler potential for is well described by the minimal form 



K ^ QlQ\ (4) 

With this Kahler potential and the dynamically induced superpotential Eq. (|I]) , we easily 
see a runaway vacuum (Q* oo) [|T^. We introduce a gauge singlet chiral superfield X 
to stabilize the runaway vacuum in the perturbative regime ((Q*) ^ A). We assume a 
simple superpotential for X as 

W^tree = '^ei.QV^ X - V^X. (5) 

Then, the vacuum expectation values for the and X are 

1 . A \/2 

^e.jQ'Q') = — , (6) 
= ^, (T) 

where and X denote boson components of the corresponding superfields. Here, we 
have assumed that the scale V is much larger than the dynamical scale A, i.e.V ^ A, 
otherwise we get (Q') ^ A where the SU(2) gauge coupling is strong and the perturbative 
approximation of the Kahler potential in Eq. breaks down. 

In this Higgs phase, the SU(2) gauge symmetry is spontaneously broken down and all 
gauge multiplets become massive absorbing three massless would-be Nambu-Goldstone 
(NG) multiplets Q"s.0 The remaining quark also has a mass of order ^/kV together 
with the X field. Introduction of soft SUSY-breaking masses mq and for the scalar 

and scalar X fields does not induce any important changes in the mass spectrum and 
vacuum expectation values in Eqs. and (|^) as long as V ^ uiq, m\. This is the case 
even for iriQ^m^x ^ A. For instance, the corrections to the vacuum expectation values 
Eqs. d^) and (|^) are of order ui^q/V'^ and m\/V'^, respectively, and the vacuum stays in 
the weak-coupling regime. This is a crucial point in our analysis, since we are interested 



In this vacuum, we have an unbroken flavor SU(2)i? symmetry. 
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in the region <^ "^susy ^ — F'^ — as we shall see later, where ^Iusy denotes 
the SUSY-breaking mass scale.0 

We now introduce a pseudo NG chiral superfield ^) whose boson components 
consist of the axion field A{x) and its scalar partner, saxion B{x). We consider that the 
NG superfield is produced by a spontaneous breakdown of some global symmetry at the 
Planck scale F4 ~ 2 x 10^^ GeV, which is explicitly broken by the SU(2) gauge anomaly.^ 
Then, we expect at low energies that the NG superfield $ couples to the SU(2) gauge 
multiplet through the anomaly as 

Here, the axion A{x) and saxion B{x) fields are an imaginary and a real part of the 
complex boson component of 6'), respectively. 

Together with superpotentials Eqs. ([|), (||) and (||), we now obtain a low-energy 
effective superpotentialQ 

Then, integration of the X and the yields 

W^efT = ^e-*/^-. (10) 

With this superpotential, the B has a runaway behavior and the effective gauge coupling 

constant defined by g^Q = {l/g'^+ (B) / (Svr^F^))"^/^ goes to zero. Thus, the A is massless 

at the limit B ^ 00, since the nonperturbative effects which would generate the axion 

mass vanishes when g^g 0. 

For a region "^iuSY' have (Q*) ^ A and the perturbative description of the Kahler 

potential Eq. breaks down. 

^ We neglect nonperturbative effects of gravitational interactions ||ri| on the axion mass, since we 
have not yet well understood the quantum gravity. 

6 We redefine the kinetic term £kin as Ain = / d^0iG/4)W''°'W^+h.c. with G = l/Ag'^ + <^/{S2TT^FA), 
combining Eq. (|) and Eq. (|). Then, the Wdyn is given by W^dyn = 2M^^exp{-32TT^G)/e^jQ'Q^ . This 
leads to Eq. (^). 
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The Kahler potential for the $ superfield should respect the global symmetry $ — 
$ + i5. Then, we have the following form of Kahler potential: 

K = ]-{^ + + -^($ + $t)3 + . . . . (11) 

Notice that the linear term has been eliminated by a shift of the $ field of order F4, 
which is accompanied by a slight shift of the gauge coupling constant, g, through Eq. (Rf). 



If we consider the SUSY breaking in a hidden sector in supergravity , the soft SUSY- 
breaking mass m| ~ "nigugY for the B field arises with msusY being the gravitino mass. 
The soft mass for the B field, m|, stops the runaway behavior of the B at 

Since we consider the region -C m| ^ F4 ~ ^ Mpi, {B) ~ A^°/m|Mpi <^ F4 and 
we set exY>{—B / Fji) ~ 1, hereafter. Even then [g^^i ~ 7^ 0), however, the A field remains 
massless. This is because there is an anomaly-free global symmetry that is a linear 
combination of the global symmetry $ ^ $ + i(5 and an i?-symmetry X exp(22(5)X, 
which is broken down by the vacuum expectation value (X) ^ (kA^/V"^) in Eq. 
Thus, we have to introduce an explicit breaking of the i?-symmetry in order to generate 
an axion mass. 



3 Induced Potential for the Axion 

We now calculate the axion mass, introducing the /^-breaking gaugino mass rrig of the 
SU(2) gauge theory.Q^ The effect of the gaugino mass can be incorporated by promoting 
the gauge coupling to the superfield S as 

-Ckin = / d^e-^SW^'^'Wl + h.c, (13) 

^ The massless field has a small admixture of the phase of the X field as ^ + {{X) jFjs^Lpx — 
^+ (kAV^UV^^)<^x, where X = (X) exp(i(^x/| W |). 

^ Introduction of the gaugino mass nig shifts the vacuum expectation value of the B to (S) ~ 
(KA^/m|FAy^)(327r^mg/(7^) from that in Eq. (p^. Even in this case, however, the (i3) is still sufficiently 
smah, (6) < Fa, to fix exp(-6/f:A) ~ 1. 

^ A SUSY-breaking trilinear boson coupling, {K/2)AeijQ^Q^ X , may also play a similar role to the 
gaugino mass rrig on inducing the axion mass, where and X arc boson components of the corresponding 
superfields. 
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and regarding its F-component as the gaugino mass [jT3 



^ Ag^ 327r2 



m 



(14) 



Here, the is the vacuum angle. Then, the dynamical scale A defined by Eq. (|^) is 
also promoted to the superfield as = Mpj exp(— 327r2S'). Substituting this into the 
superpotential Eq. (p!OD and taking the F-component of the superpotential, we get a 
mass term for A as 



A mass 



9 « 'f^ +h.C. 



9^ 



a 



cos 



(15) 



where 6' = G + aigiy"^) — arg(K) — arg(m^). Then, the axion mass is given by 



Sttk rrigA^ 



(16) 



which is extremely small in the region A ^ rrig <^ F4 ~ V" ~ Mpi.0 This result can be 

also derived explicitly from the instanton calculation which is given in the Appendix. 

It is very intriguing to identify the above axion with the hypothetical ultralight boson 

field proposed p, |[ to explain the small cosmological constant A^^^^ ~ (3 x 10~^ eV)"^ 

suggested from the recent observations. This scenario requires m_4 ~ 4 x 10"'^^ eV. 

For F4 ^ y ~ 2 X 10^^ GeV, the extremely small axion mass is obtained with a 

moderate value of the dynamical scale A ^ 10^'^ GeV0 which corresponds to the SU(2) 

Strictly speaking, the axion field is a linear combination of A and phases of X and Q, since the 
mass matrix for the axion and the phase fields is given by 



C~ -{A(px (Pq) 



Here, 

and e^ Q* 



(/fx 



and 




(17) 



{X)eM^Vx/\{X)\) 



]3 /2 = (^€ijQ^Q^ /2') exp{i(pQ/ {eijQ^Q^ /2) |), respectively. However, the mixing between 
A and the phases ^px,Q are very small. Thus, the axion is dominantly the A field and its mass is given 



by Eq. (|6D. 

If the gauge symmetry was not broken, one would need an extremely small dynamical scale A 
10^'^ eV to obtain such a small axion mass m^i ~ 4 x 10"^'^ eV. 
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gauge coupling constant a{Mp\) ~ 1/38 at the Planck scale. Here, we have assumed the 
Yukawa coupling k ~ 1 and the gaugino mass rrig ~ 1 TeV. It is very encouraging that 
it is fairly closed to the standard-model gauge coupling constants at the Planck scale. 

We have presented a model that gives naturally an extremely small mass for the 
ultralight axion through the instanton effects of a broken SU(2) gauge theory.[^ The 
extension of the above model to the case of SU(Ai"c) with A^^^ — 1 pairs of quarks and 
antiquarks is straightforward. In this case, the axion mass is given by 



— 



(1^ 

Even in these models, however, the required value for the gauge coupling constant a{Mpi) 
is the same as in the case of the SU(2). 
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One may use instantons of the electroweak SU(2)l gauge theory in the SUSY standard model 
as suggested in Ref. In this case, the axion acquires a mass from the Kahler potential |Q. Un- 
der the presence of {B + L)-violating dimension-five operators, we have estimated the axion mass as 
to5i< |(^TO|usY/-PlA)exp(-27r/a2(Afpi))| ~ (IQ-^e eV)^ for a2(Mpi) ~ 1/24 and Fa ^ Mpi. Here, 
~ 1 TeV is the SUSY-invariant Higgs mass. This axion mass is much smaller than the required value. 
However, if there are matter multiplets which increase the SU(2)i gauge coupling constant, a2{Mpi), at 
the Planck scale, one may obtain the desired value for the axion mass. 
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Appendix 



In this Appendix, we calculate the axion potential Eq. (|l^) in terms of the component- 
field instanton calculation. The relevant parts of the Euclidean action is given by 

'{B + iA)l 



d xe\ 



_(rpa rpa _ rpa p 



3271^ Fa 2' '^'^ 
{B - lA) 1 



327r2F4 2 



I -pa -pa I ™ pa 

\ flV flU ' ^jLV 111 



rrio 



(19) 



where r"^ is the Pauli matrices, A" the SU(2) gaugino and Q^{x,6) = Q\x) + \^9ijj^(x). 
We define instanton and anti-instanton configurations as those satisfying Fj^^ = and 
—F'^y, respectively. Then, one anti-instanton effect generates the superpotential 



pa 



Eq. (§ 0. 

The zero-mode configuration on one anti-instanton background is given by |]15 



{{x-xoy + p^/' ' 

__2V26l^_ 

((a;-xo)2 + p2)3/2 I 

-8{T-f^{-ta,)p^{x 



K 



{{x - xo)2 + p'^y 



^ ^ {{X - x,Y + pY''' 



(20) 
(21) 
(22) 



where /,m = 1,2 are the SU(2) gauge indices, and a,/? = 1,2 and d = 1,2 denote 
the left-handed and right-handed spinor indices, respectively. Here, xq and p represent 
the center and the size of the instanton, respectively, and 6Q,j3,(o are anticommuting 
variables. Substituting this classical configuration into the action Eq. (|19|) and expanding 
functional measure around the configuration, we obtain the instanton measure 



dp = d^xo dp^ d^Oo d^f5 d'^Co , 

\B + iA){x) 



A' 



exp i~ J d'^x 



6p^ 



Fa 7r2((x 



2 „2 



-Any 



V 


2 


V 


+ IGiTT^p^ 







xor + p')\ 



rrin 



(23) 



8 



Here, we have suppressed measures and interactions among fluctuation modes.[^ 
Integration of fermionic coordinates, 9o,(3 and Co, yields 

V 



djj, = a Xodp lovr p — exp —An p 

( I ,^ ({B + iA){x) 6p* \\ 

The factor mg/2g'^ comes from an insertion of the gaugino mass, V*^/k* = {Q*y from 
matter-gaugino vertices, and = Mpj exp(— 27r/a(Mpi)) from an anti-instanton, which 
can be easily read off from a diagrammatic expression in Fig. |I[ Notice that the R- 
breaking term, — (mg/2(7^)A"A", is necessary in order to obtain a nonzero axion potential. 

Inspecting Eq. (|2^ , we see that only small-scale instanton contributes to the axion 
potential, since integration of the instanton size, p, is cut off at p ~ \y/K/2nV\ due to 
the exponential factor exp(— 47r^p^|l^/y^P). Then, the smearing factor (i^a;6p^/7r^((x — 
XqY + p^)^ is well approximated by the delta function — Xq) as long as we consider 
the effective potential at low energies. Then, we can perform the dp"^ integral and obtain 

= dxo^^^expl^ — j. (25) 

Recalling that the B is fixed at (B) ^ -F4 by the soft SUSY-breaking mass m| (see the 
text), we determine the axion potential induced by one anti-instanton as 

^AAi-^^-^e (26) 
Similar calculation shows that one instanton induces the axion potential 

^Ai^ ' y., e-^., (27) 

through the right diagram in Fig. |l]. We obtain the axion mass term given in Eq. (^) by 
summing up both anti-instanton and instanton induced potentials, Eqs. ( p6D and (|2^). 



Strictly speaking, p is an unstable mode and not a collective coordinate, since the instanton config- 
uration is not a stationary point of the Euclidean action for the spontaneously broken gauge theory. 
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B+iA B+iA B-iA B-iA 

Fa Fa Fa Fa 




Figure 1: The diagrams which generate the axion potential. The left one represents 
the anti-instanton contribution giving exp(— (i3 + iA)/F^) potential, while the right one 
represents the instanton contribution giving exp(— (i3 — iA)/Fj{) potential. 
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